Abstract-This paper presents a systematic procedure for the elastodynamic modeling of industrial robots that is applicable to either serial or parallel manipulators. This procedure is based on a 3-D space generalization of the equivalent rigid link system (ERLS) description, the finite-element method (FEM), and the Lagrange principle. It considers flexible links and joints, and leads to generic equations of motion expressed according to the angles of the actuated joints and the independent elastic degrees of freedom. An efficient identification process through modal analysis is detailed, and the description of damping and joint behavior according to the model application is discussed. The method is applied to a 3-D delta-like parallel structure and successfully validated through an experimental impact testing-based modal analysis.
I. INTRODUCTION
In recent decades, much research has focused on dynamic modeling of robot manipulators through the definition of accurate mathematical models, which are used to predict their dynamic behavior. However, the assumption of rigid body is no longer sufficient if high-speed, highload, and high-accuracy applications are considered: laser-cutting or machining, for instance. Therefore, flexibilities induced by the different elements of the manipulator structure, such as links, joints, base, and tools, have to be considered carefully in the modeling. In this research, significant accomplishments have been made in the kinematic description of flexible multibody systems and have been applied to manipulators. The first dynamic modeling studies have concerned serial manipulators [1] - [4] and, more recently, parallel kinematic machines (PKMs) [5] , [6] . These models are useful for the optimization of robot design [7] , [8] and to implement active vibration control for real-time applications [9] .
In order to implement these models in an industrial context, we propose extending existing system modeling and identification techniques to form a general tool to characterize the elastodynamic behavior of 3-D serial and parallel manipulators.
The paper is organized as follows. In Section II, the various previously published modeling principles are reviewed and analyzed.Following this, the proposed elastodynamic modeling procedure and its systematic formulation are presented. Thereafter, its implementation and identification according to the applications concerned are discussed. The procedure is then applied to a 3-D, delta-like, parallel structure in order to verify its efficiency through experimental correlation. The valid domain of the model is limited to smaller deflections. Indeed, modal identification was conducted using an instrumented impact hammer. This technique essentially results in a linear interpretation of the system in a particular configuration, but the methodology establishes a solid basis for future research on large nonlinear deflections of these structures or for the development of control algorithms.
II. MODELING

A. Modeling Principle
In the literature, elastodynamic models are commonly based upon the following techniques.
1) Floating Reference Frame:
In this method, the body motion, assuming small deformations, is considered to be the superposition of a nonlinear rigid body displacement and a linear elastic displacement. As a result, two sets of coordinates are used to describe the configuration of the deformable bodies; one set describes the location and orientation of a selected body coordinate system, while the second set describes the elastic displacement of the body with respect to its coordinate system. The first set of coordinate systems is obtained using the classic rigid method of description as in NewtonEuler [10] , [11] or (4 × 4) transformation matrices [1] , [12] , [13] . In particular, Chang and Hamilton [12] put forward a kinematic description of flexible-link manipulators using the equivalent rigid link system (ERLS) model. Elastic behavior is implemented by using the assumed modes method (AMM) [1] , [4] , [13] , [14] or finite-element method (FEM) [5] , [15] - [18] in order to obtain a finite-dimensional model.
2) Lumped-Parameter Model: Lumped-parameter models describe manipulators as a set of rigid bodies, which are connected by springs and/or dampers. These springs and/or dampers are used to describe the viscoelastic behavior of the joints and links. This method has the advantage that rigid body methodologies can be used [19] . However, the accuracy and consistency of the model obtained depend on the number, size, and location of the rigid segments used.
3) Convected Coordinate System and Large Rotation Vectors:
The convected coordinate system is employed using the incremental approach, which is used to solve large rotation problems in nonlinear finite-element analysis. In this approach, the kinematic equations are first defined in the element coordinate system. It is assumed that the rotation of the element between two successive configurations is small enough that the use of the nodal coordinates to describe the rotation can be justified. However, Shabana [20] demonstrates that the incremental finite-element formulation does not lead to an exact modeling of rigidbody dynamics for large rotation motion of the structures. In order to avoid this problem, Simo [21] , [22] introduces the large rotation vector formulation, but this formulation can lead to singularity problems [23] .
4) Absolute Nodal Coordinate: Absolute nodal coordinate formulation (ANCF) is a recently developed nonincremental finite-element approach that has been specially designed for large deformation, multibody applications [24] , [25] . Nodal coordinates are the position vector of the nodal points with respect to the global coordinate system and the vector of the displacement gradients, which is also defined in the global coordinate system. The ANCF is equivalent to the floating reference frame formulation but leads to a different structure for the dynamic equations of motion. In the ANCF, the mass matrix is constant. Centrifugal and Coriolis inertia forces are equal to zero, and the stiffness matrix is nonlinear, even in the case of linear elastic behavior [26] . Many simulations based on this formulation have been recently presented [27] , [28] .
In recent research, one can see that the floating reference frame description and FEM are applied to planar PKMs [5] , [17] . The accuracy of this approach is experimentally demonstrated in [17] , and its relevance for real-time applications is shown in [5] by Wang and Mills. The comparison of the AMM and FEM approaches, which was realized in [29] by Theodore and Ghosal, shows that FEM is recommended for flexible multilink manipulators and is ideally suited for dynamic, model-based, real-time controller implementation. In order to simplify the application of elastodynamic modeling in the industrial context, we suggest synthesizing these works in a systematic procedure based on FEM, a 3-D space generalization of the ERLS description, and the Lagrange principle.
The main advantages of our paper resides in the following points. First, the elastodynamic model can be derived automatically. This is done using a simple description of the structure through the establishment of two tables giving, respectively, the values of the geometrical and elastic parameters related to all bodies of the structure. Second, the configuration of the manipulator is described using the independent elastic degrees of freedom (DOF) expressed in the global frame and the values of the actuated joints. These values can be easily measured, which simplifies the identification process. This method allows the description of the behavior of the joints using an appropriately located stiffness parametrization. Finally, as the elastic potential energy of the joints is modeled, the constraint equations, which link the elastic DOF, are simplified. Thus, generic expressions of stiffness and mass matrices as a function of the independent coordinates are obtained, which leads to a simple modal analysis computation.
B. Kinematic Description
1) ERLS Description:
In order to achieve a systematic procedure, Khalil and Kleinfinger's notation [30] is used to perform the ERLS description. This method is derived from the well-known Denavit and Hartenberg notation and can be used to describe a minimum set of parameters, i.e., the open-and closed-loop robots. This notation is based on a specific frame definition detailed in [30] and [31] . On each body C i , a frame R i is assigned for which z i axis is aligned with the axis of joint i, and x i is along the common normal to z j . Therefore, the transformation from R i with respect to the previous frame R j is defined by the (4 × 4) matrix Table I .
2) Elastic Description: Clearly, Khalil and Kleinfinger's notation associates a rigid reference frame R i with each body C i . In these frames, the elastic behavior of the system is described using FEM. a) Segmentation: In order to model the deformations, the most common finite-element codes typically used are either linear EulerBernoulli or Timoshenko beams if shear deformations are considered. Our study focused principally on manipulators with slender bodies. Consequently, shearing action can be neglected, and the EulerBernoulli-type beams can be used, assuming small deformations. Thus, one can use the same segmentation as implemented in static cases presented in [32] - [34] . A body C i is segmented into n i beam elements B i,j and 2n i node elements.
The properties of the beams are summarized in Table II . The (4 × 1) vector of coordinates of any point p i,j expressed within a reference frame R k and belonging to B i,j is considered as the sum of a rigid component r i,j ,which is the coordinate vector of the point belonging to the ERLS, and an elastic component e i,j , which is the vector of the elastic displacement of this point (see Fig. 1 )
b) Elastic displacements: A reference frame R i,j that is associated with each beam B i,j and is defined as its x-axis (O, x i,j ) is along the main axis of the beam, and its origin is the rigid position of the first node of the beam r u i,2 j −1 . The vector of elastic displacements e i,j of any point p i,j , which belongs to the beam B i,j , can be expressed by
where N i,j is the geometrical interpolation matrix, and u i,j is the elastic displacements of a node j of the body C i . It is described by the vector
where represent the translational and angular displacements, respectively. These notations are illustrated in Fig. 1 . Assuming small elastic displacements, the following simplification can be made: ∂dP y i , j /∂x i,j ≈ dΦ y i , j , and
Consequently, the Hermite polynomials [16] are used in N i,j to interpolate the elastic displacements due to the bending phenomenon around their axis y i,j and z i,j . The elastic displacements due to the tractioncompression phenomenon are deduced by a linear interpolation. As a result, N i,j is defined within R i,j by
where (in the following expressions, l stands for l i,j , and ξ is equal
In the same way, the rotation of the each beam section around its own axis x i,j generated by the phenomenon of torsion is deduced from nodal displacements by the interpolation
where
c) Elastic deformations and stresses:
The elastic displacements observed are caused by the elastic deformations of the beam and generate internal stresses. These deformations and stresses have to be expressed in order to evaluate the elastic potential energy of the beam. Assuming small deformations, the generalized strain vector i,j is defined within R i,j by
where B i,j is the kinematic interpolation matrix. It is obtained by derivation of the geometrical interpolation matrices (in the following expressions, x and l stand again for x i,j and l i,j ):
In linear elasticity, the stress field depends on deformation and mechanical properties. By defining the (4 × 4) matrix of mechanical properties E i,j of the beam B i,j , the generalized stress vector σ i,j can be written as follows:
3) Global Expression: a) Expression in the body reference frame R i : Roll, pitch, and yaw angles φ i,j , θ i,j , and ψ i,j are used to define the orientation of each beam B i,j within the reference frame R i . The (3 × 3) rotation matrix between frames R i and R i,j , i R i,j is defined by
Then, by concatenation, the (12 × 12) rotation matrix R u i , j is obtained, and one can deduce the expression of R p i , j , which is the (4 × 4) transformation matrix between frames R i and R i,j
Assuming small displacements, the nodal displacement vector u i,j can be rewritten in R i in the following way:
This leads to the expression of p i,j within the reference frame R i 
Similarly, assuming small displacements, u i,j is expressed within R 0 as follows: 
C. Dynamic Equilibrium Expression
Dynamic equilibrium is expressed using the Lagrange principle equations. The vector of the device DOF w is defined as the concatenation of the rigid and elastic DOF (q and u)
T is the vector of the joint values. Then, the well-known Lagrange principle is written as follows:
where L = E c − E p is the difference between the kinetic and potential energies, and F is the sum of nonconservative external forces. To apply this principle, we express the total energy of the kinematic chains. The resulting relations are then differentiated with respect to w,ẇ, and time. For this purpose, different operators are introduced.
1) Kinetic Energy:
The total kinetic energy of the structure E c is the sum of the kinetic energy stemming from the translational and rotational movements of the beam sections. Then, using kinematic expressions (19) and (20), the kinetic energy is derived by
where I x is a
n i diagonal matrix gathering the quadratic moments I x i , j . I k is equal to the sum of inertia of the beams, which are aligned with the joint axis, and σ k is the complement of the binary parameters defined in Table I .
2) Potential Energy: The potential energy of the system is the sum of the joint and body elastic potential energies and potential gravity energy. As presented in [32] , the strain energy of the joints is introduced by replacing the kinematic relations, which connect the elastic DOF with a joint stiffness matrix. The ERLS is modeled using Khalil and Kleinfinger's notation. Consequently, z i is the axis of the joint i, which links the body C k to the body C i , where k = a(i) (see Table I ). Thus, the joint stiffness matrix K l i expressed in its local coordinate system R i between the 2n k nodes of the body C k and the first node of the body C i is given by
and K a r i stand, respectively, for the radial, the axial, the radial rotational, and the axial rotational stiffness of the ith joint. Assuming small displacements, the joint stiffness matrix can be written in the global frame R 0 as 0
T , and by concatenation of the n matrices 0 K l i , one can define the matrix K l . The deformation energy of flexible body is expressed as the integral of the product of the generalized strain vector and the generalized stress vector σ. Thus, the potential energy of the system is derived by
(25) where g represents the gravity field.
3) Operators: The implementation of the Lagrange principle requires the derivation of energies expressed previously. In order to simplify the expressions, we define the following matrix operators (26) . These operators can be calculated by simple multiplications; a detailed example can be found in [12] 
4) Dynamic Equation:
From the operators (26) and by differentiating the expressions (23) and (25) , the terms describing the dynamic equilibrium of the kinematic chain are obtained as
M, M u u , and K u u describe, respectively, the distribution of mass on the joint DOF, the distribution of mass on the elastic DOF, and the distribution of the intrinsic stiffness of the bodies and joints. In this expression, one can note the strong coupling between the joint and elastic DOF: The component of the mass matrix M q u describes the effect of elastic DOF on the joint DOF mass expression, and the Coriolis and centrifugal forces F c are the sum of three components F r , F u , and Fu , which are, respectively, functions of (q), (q, u), and (q,u). The gravity and external forces applied on the structure are expressed by F g and F. The generic expressions of these terms are detailed in the Appendix. Assuming deformations and displacements to be small, the second-order terms related to the elastic variables are neglected.
D. Constraint Equations
The dynamic equations (27) are formulated in terms of a set of coordinates that are not totally independent. The kinematic relations between the internal nodes can be expressed independently within each body reference frame R i . This leads to linear equations using the Boolean matrix, as demonstrated by Shabana [35] . Concerning joint constraints, the kinematic relations must link nodes that belong to different bodies leading to nonlinear equations, which are functions of the joint parameters [35] . However, in our case, the stiffness values of the joints are represented in (24) ; consequently, the joint constraints are already considered within the formulation of the potential energy (25) . A similar approach called the penalty method is presented in [36] . Hence, the constraint equations, which link the independent elastic variables u i to the dependent ones u d , can be written as C u d u d + C u i u i = 0, where C u i and C u d are Boolean matrices. Then, the elastic coordinates can be expressed by
With regard to joint coordinates, kinematic constraints have to be considered for mechanisms with closed-kinematic chains and PKMs. In this case, the loop closure conditions are defined by nonlinear holonomic constraint equations. Much research is available on this subject, and several formulations are proposed in [36] - [39] . In order to obtain the dynamic equations expressed in independent joint coordinates, embedding techniques can be used. In this method, the coordinates are partitioned in independent and dependent sets. From the kinematic constraint vector C (q, t) = 0, the application of Alembert's principle leads to
where q i and q d are, respectively, the independent and dependent joint vectors. C q i and C q d are defined as the jacobian matrices of C (q, t) relative to q i and q d [40] . Then, by successive derivations according to time, the joint acceleration vector can be written in terms of independent accelerations as follows:
where F l = −((∂C q /∂q)q)q represents the constraint forces generated by the looping of the kinematic chains. As result, assuming that the joint and elastic coordinates are rearranged according to the partitioning of equalities (28) and (30),
T is the set of independent coordinates obtained bÿ (31) where
T . Then, the dynamic equilibrium (27) can be expressed in the base of independent parameters by
where M i , K i , and F i are, respectively, the mass, stiffness matrices, and the force vector defined by
E. Identification and Correlation Methods
The previous procedure allows the dynamic model to be worked out from input parameters describing the mass, the damping, and the stiffness properties. However, the joint stiffnesses and damping phenomenon have complex behaviors, which are functions of the excitation amplitude, the frequency, and the joint coordinates. The common damping models are based on parameterized rheologic laws (structural [41] , the Rayleigh coefficient [17] , modal damping, and fractionary derivative). The nonlinear behavior of joint stiffness can be described through nonparametric models (linear interpolation parameters into several configurations [41] ) and parametric models (stiffness value expressed as a function of the local effort supported by the joint [42] ).
Many description models can be used. The selection criteria of choice are ease of use and similarity with the experimental behavior in the workspace for the amplitude and frequency domain of the application considered. In the predesign stage, quantitative values are set based on the properties of the material and the designer's experience. For model correlations on a real structure and for control purposes, these values have to be accurately estimated. Then, according to research, various methods are presented involving the identification process in the time [17] , [43] or frequency domains [9] , [41] , [44] , [45] .
In the time domain, identification is based on the comparison of the trajectories and the efforts measured and calculated at different points of the structure. As the dynamic model does not include control and its perturbations, the actuator wrenches have to be directly measured [17] . The quality of the obtained results on trajectories used.
In the frequency domain, modal analysis is performed using specific algorithms [46] to estimate the natural frequencies and mode shapes. In the case of a lightly damped system, the conservative and damped modes present few differences. As a result, the frequencies and shapes of the theoretical normal modes obtained by solving the eigenvalues problem defined by the dynamic matrix M −1 i K i can be directly compared with the estimated modes. This method is interesting because the stiffness and damping parameters are identified separately using a progressive approach. The first step consists of identifying the stiffness properties by minimizing frequency deviations and maximizing the modal assurance criterion (MAC). This criterion evaluates the degree of linearity between the estimated and the theoretical modal vectors [47] . In step two, damping is considered to minimize the deviations between the theoretical and measured frequency response functions (FRFs). In conclusion, the level of description of the model used is a compromise between the accuracy required by the application and the cost of the experiments required to achieve the identification process.
III. APPLICATION TO A DELTA-LIKE STRUCTURE
In order to illustrate the proposed procedure, the elastodynamical modeling of a 3-DOF translational parallel manipulator is achieved and the potential of this structure for use in machining applications is investigated.
A. System Description
The mechanical system studied here is the Surgiscope delta-like parallel manipulator developed by the ISIS 1 company. This structure combined with a decoupled serial wrist is involved in neurosurgery to accurately move and place a microscope, a laser guiding system, as well as some surgical tools [see Fig. 2(a) ]. In the following, only the positioning mechanism is considered. The mechanism described in Fig. 2 
B. Input Parameters
The kinematic description presented in Section II is implemented on each kinematic chain, as indicated in Fig. 3 , and the associated parameter setting is summarized in Table III(a) and (b) . The values of these parameters are deduced from the geometrical calibration and the elastic modeling of this structure, which are, respectively, detailed in [32] and [48] . As the structure is in a quasi-static configuration and the amplitude of the dynamic excitation is low, the effects of nonlinearities are first neglected in machining applications. Then, the joint stiffness values (24) identified in [32] are used to perform the correlation on the first natural frequencies and MAC values. As the structure is axisymmetric, the elastic behavior of their joints can be described by 21 stiffness parameters. Their values were identified in [32] by minimizing the difference between the measured and modeled elastic displacement of the tool center point for a force of −200 N acting along the z-axis applied on the mobile platform. The identification was carried out with 11 measurement points distributed on the line of equation y = −x in the plane z = −1478 mm, and the identified values were experimentally checked using 11 other measurement points distributed on the line of equation y = x in the plane z = −1326 mm. Concerning the damping, the models mentioned in Section II-E differ from each other by a variation of its frequency-dependent behavior [49] . However, for a lightly damped system at low frequencies, these models are equivalent. Consequently, we favor simplicity: Structural modeling is commonly used in the frequency domain, while equivalent viscous modeling is in the time domain. We use a similar approach to the one proposed in [41] by Zhou et al. , who assume that the system has structural damping proportional to the system stiffness matrix. Then, 
where η is the damping factor. This factor is identified from the measured FRFs [see Fig. 4(c) ] by minimizing the criterion
where H th eo (i,j ),E (ω l ) and H m ea (i,j ),E (ω l ) are, respectively, the calculated and measured FRFs for frequency l at point (i, j) and for a vertical impact at the center of the platform E. The identified damping factor η is 0.096, which is high as compared with standard material values (typically 0.013 for aluminium, such as that used in this robot [49] ) since it also includes the effects of unmodeled structural elements (e.g., joint frictions, belts, etc.) not captured by the model in (33) .
C. Measurements and Correlation
The application of experimental modal testing to the Surgiscope architecture is done through impact hammer excitation and data postprocessing, conducted using SmartOffice software. The point and direction of excitation are chosen in the middle of the moving platform along the vertical axis. Piezoelectric triaxial accelerometers are used to pick up the three acceleration responses at 40 measured points, as in the simulation. The acquisitions are performed for two structure configurations, one of which is symmetrical and the other not (first configuration x E = y E = 0 m and z E = −1.1 m and second configuration x E = 0.19 m, y E = −0.33 m and z E = −0.9 m). In order to avoid controller perturbations, the brakes are locked. Sampling parameters were specified in order to calculate the FRFs from a 2.046-s time window discretized with 1024 samples. The FRFs are calculated for a frequency range of 0-250 Hz at a frequency resolution of 0.49 Hz. A force window was applied to the signal from the hammer's force transducer and exponential windows were applied to the signals from the accelerometers. Each measurement is the averaged result of three impacts. Fig. 4(a)-(c) shows one test setting in the first configuration, the time-domain measurements, and the associated FRFs, respectively.
In order to evaluate the model quality, considering all FRFs, the natural frequency deviations between test and modal analysis, as well as the MAC values of the corresponding mode shapes, are used. The values of natural frequencies and associated mode shapes are extracted from the experimental data using the multiple DOF (MDOF) estimation algorithm available on NV Solutions SmartOffice. 2 This algorithm, 2 http://www.mpihome.com/english/modaltesting.htm. which is called polyreference time domain, is based on finite difference and quadrature methods [50] . The experimental and theoretical natural frequencies for the first five modes and corresponding MAC values are given in Table IV (a) and (b). Similar mode shapes between theoretical and experimental approaches are found at the lowest resonances. The initial modeling provides consistent correlation for the relevant mode shapes in the frequency range from 0 to 50 Hz. The modes obtained are due to the link elasticity [phenomena of flexion of the lower arms in Fig. 5(a) ] and the joint stiffness [structural modes on Fig. 5(b) ]. For higher frequencies, the variations increase. Indeed, the behavior of the structure is more complex, and the discretization that is used by the model becomes insufficient. Concerning the damping phenomenon, the structural description, whose identification is detailed in Section III-B, fits well on the range from 0 to 100 Hz, as shown in Fig. 4(c) . The criterium J Q defined in (34) is equal to 12.7 %. For higher frequencies, this description is insufficient: On the range from 0 to 250 Hz, J Q is equal to 33.6%.
D. Discussion
The proposed procedure implemented with static joint stiffnesses and identified structural damping as input values presents a good correlation with the measurements obtained with the impact hammer excitation. This kind of excitation is an effective method to estimate the dynamic characteristics. However, it does not characterize the nonlinearities of the structure. Thus, the obtained model is limited to applications with low amplitudes of excitation. To extend its validity domain for many source amplitudes, a shaker excitation is more suitable. Although the duration of tests is longer, it should provide better peak to rms level, especially for low frequencies, and a good characterization of the nonlinear behavior of the structure. One of the nonlinear description models detailed in Section II-E can be implemented and adjusted through the computational model updating method to consider the joint and damping nonlinearities. However, this topic is not covered in this paper and is referred to future studies.
IV. CONCLUSION
In this paper, a systematic procedure for the elastodynamic modeling of both serial and parallel 3-D manipulators has been developed. It can be used in an industrial context for mechanical design as well as for real-time control. The identification of the input parameters according to the model application has been investigated, and an efficient identification method based on modal analysis has been detailed. The proposed procedure has been applied on a delta-like, parallel structure and successfully validated by experimental modal testing with impact hammer excitation. In order to verify the quality of the model, the natural frequency deviations between test and analysis, the MAC values of the corresponding mode shapes, and the measured and computed FRFs show a consistent correlation. This study concerns experimental investigations of damping and joint stiffness nonlinearities of serial and parallel manipulators through the use of a multiinput shaker excitation. 
Mand the vector M q k u are, respectively
The various Coriolis, centrifugal, and gravity forces are expressed by the vectors T (42) where each component are defined by 
